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Abstract: Photonic Floquet topological insulators provide a powerful tool to manipulate the
optical fields, which have been extensively studied with only nearest-neighbor coupling. Here,
we demonstrate that nontrivial Floquet topological phase and photonic π modes are brought
from long-range coupling in a one-dimensional periodically driven optical lattice. Interestingly,
the long-range coupling is found to give rise to new Floquet π modes that do not exist in the
traditional Floquet lattices. We interpret the underlying physics by analyzing the replica bands,
which shows quasienergies band crossing and reopening of new nontrivial π gaps due to the
long-range coupling. Our results provide a new route in manipulating optical topological modes
by Floquet engineering with long-range coupling.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Topological photonics has attracted considerable interest due to the fascinating photonic topo-
logical states, which give rise to plenty of novel functionalities with robust properties [1–3].
Recently, periodical modulation has been utilized as a powerful tool to manipulate optical field,
which leads to novel light behaviors inaccessible in static systems, such as dynamic localization
[4], dispersionless coupling [5], and photonic Floquet topological insulators [6]. In particular, the
periodical modulation on a typical one-dimensional (1D) Su-Schrieffer-Heeger (SSH) model has
demonstrated new topological modes, known as the π modes [7–10], which exhibit oscillation
behavior on the edge of lattice and are quite different from the celebrate zero modes in the
static SSH model [11,12]. To be mentioned, in most previous studies, only the nearest-neighbor
couplings are considered, while the long-range couplings from nonadjacent lattices are neglected
or make little contribution [13]. In fact, the long-range coupling can lead to new effects [14–27],
while remains largely unexplored in Floquet optical systems. Recently, new topological phases by
long-range coupling have been revealed with fast Floquet modulation (i.e., in the high-frequency
limit) [14,19]. However, the subtle interactions between Floquet bands are neglected, which play
a key role in generating the π modes.

In this paper, we show that long-range coupling can induce new Floquet topological phases
(FTP) and anomalous π modes in periodically driven SSH waveguide lattice. By incorporating
the long-range coupling, we construct a topological phase diagram to illustrate the new FTP
transitions. It is found that the long-range coupling can turn a topologically trivial Floquet lattice
to a nontrivial one by opening the π gap and ensures the emergence of the π mode. We give
a clear interpretation of the emergence of the new Floquet modes by analyzing the interacting
replica bands, which are further verified by the calculation of topological invariant Gπ. Our work
demonstrates new features of long-range coupling for nontrivial optical state manipulations and
suggests more explorations in Floquet optical lattice.
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2. Results and discussions

2.1. Model

We start with considering a 1D optical lattice containing A and B sites (e.g., binary waveguide
array), as the schematics of the cross-section shown in Fig. 1(a). The Hamiltonian of this lattice
with the first and the third NN couplings can be expressed as follows (the second NN couplings
would break the chiral symmetry and not be considered here [25]):

H(z) =
∑︂

j
⎛⎜⎝

c11(z)a†B,jaA,j + c12(z)a†A,j+1aB,j

+c31(z)a†B,j+1aA,j + c32(z)a†A,j+2aB,j

⎞⎟⎠ + h.c., (1)

where aA,j and aB,j donate the annihilation operators in sub-lattices A and B in the jth unit cell,
respectively. Both the first and the third NN couplings c11(2) and c31(2) are periodically modulated
along the propagation distance z, i.e., c11= c10-δc1cos(ωz+φ), c12= c10+δc1cos(ωz+φ), c31=
c30-δc3cos(ωz+φ), c32= c30+δc3cos(ωz+φ), where c10 and c30 are the couplings without bending,
δc1 and δc3 denote the amplitudes of modulation and ω (ω ≡ 2π/P, P is the period) is the
modulation frequency. φ is the initial phase determined by the starting distance z= 0, i.e., Floquet
gauge [7], which is set to zero without loss of generality. With periodic boundary condition
(PBC), the Hamiltonian can be transformed into momentum space:

H(k, z) = [c11(z) + c12(z) cos(k) + c31(z) cos(k) + c32(z) cos(2k)]σx

+[c12(z) sin(k) − c31(z) sin(k) + c32(z) sin(2k)]σy,
(2)

where k is the quasi-momentum, and σx(y) is the Pauli operator. Note that this Hamiltonian
possesses a chiral symmetry defined by σz due to the anticommutation relation {H(k, z), σz} = 0
[8].

To clearly show the influence of long-range coupling on the band structure, we first consider
the static case, i.e., δc1=δc3≡0, and Eq. (2) writes

H0 = [c10 + c10 cos(k) + c30 cos(k) + c30 cos(2k)]σx

+[c10 sin(k) − c30 sin(k) + c30 sin(2k)]σy.
(3)

Figures 1(b)–1(e) shows the corresponding band structure with c30/c10= 0, 0.5, 1, and ∞,
respectively. The long-range coupling leads to two major consequences: (1) much broader
bandwidth∆εmax, i.e., the bandwidth increases with the strength of long-range coupling [Figs. 1(d)
and 1(f)]; (2) the emergence of another pair of degenerate points (DPs) for c30/c10 > 1/3 [Figs. 1(d)
and 1(g)], which indicates richer topological phases (see Supplement 1 for more discussions).

2.2. Long-rang coupling induced π modes

Then we consider the periodically driven case with nonzero δc1 and δc3. Note that we set
c32(z)≡0 in the following calculation to simplify the model while preserving the basic effects
[c31= c30-δc3cos(ωz)]. Besides, a possible realization of the model with c32(z) ≡0 is proposed in
a ladder waveguide system (see Supplement 1). According to the Floquet theory, the evolution of
our lattice with Hamiltonian H(z) (Eq. (1)) is governed by the evolution operator [8]:

U(z) = T̂e−i
∫ z
0 H(z′)dz′ , (4)

where T̂ denotes the time-ordering operator. The Floquet operator corresponds to the evolution
operator for one full period P, given by U(P), from which a z-averaged effective Hamiltonian can
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Fig. 1. (a) Schematics of the one-dimensional lattice with the NN coupling c11(2) and
3rd NN coupling c31(2). (b-e) Band structure in the static case under periodic boundary
condition (PBC) with c30/c10= 0, 0.5, 1, and ∞, respectively. (f) The bandwidth ∆εmax1
and ∆εmax2 as a function of c30/c10. (g) The positions of two pairs of DPs (DP1 and DP2)
in the momentum space as a function of c30/c10.

be defined as
Heff = (i/P) ln U(P). (5)

The eigenvalues of Heff correspond to the quasienergies spectrum of the lattice, in analogy to
the eigenenergies in a static one. We first calculate the quasienergies (ε) band structure under open
boundary conditions (OBCs) with 80 sites as a function of ω/4c10 with only nearest-neighbor
coupling (with c10= 1, δc1= 0.5, c30 = 0, δc3= 0) [ Fig. 2(a)]. It is clearly observed that a πmode
(highlighted in red, ε=-π is equivalent to ε=π) emerges in the frequency region of (4c10/3, 4c10)
[28–30]. As an example, Fig. 2(c) shows the z-dependent evolution of the π edge modes with
ω=2c10, which propagate along the boundaries and exhibit periodic oscillation in the intensity
distribution. However, as we gradually increase the driven frequency to the higher-frequency
regime ω>4c10, the fast modulation would smear out the z-periodic staggered coupling and
renders the lattice similar to the static case with identical couplings, which belongs to the trivial
phase without π modes [Fig. 2(d) with ω/4c10= 1.5].

Interestingly, with the presence of long-range coupling (e.g., the third NN coupling), it is
possible to retrieve the π modes. Figure 2(b) shows the quasienergy band structure as a function
of c30/c10 with c10= 1, δc1= 0.5, δc3= 0.5c30, ω/4c10 = 1.5 (no π mode with only NN coupling).
It is found that a discrete mode gradually stands out from bulk modes as c30/c10 increases close to
1 and turns into a π mode for 1< c30/c10 < 3 [see the zoom-in figure in right panel of Fig. 2(b)].
The z-dependent evolution of the π mode at c30/c10= 2 is, as for example shown in Fig. 2(e),
which exhibits similar periodic oscillation features as the original π mode [Fig. 2(c)]. This is
the π edge mode retrieved by the long-range coupling. Intriguingly, one finds that when c30/c10
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Fig. 2. (a) Quasienergies spectrum under open boundary condition (OBC) with 80 sites as
a function of ω without long-range coupling, i.e., c30= 0. (b) Quasienergies spectrum as a
function of c30 with ω/4c10 fixed at 1.5. The π modes are highlighted by red lines. Right
panels: zoom-in spectrum of the π modes. The red, orange, green, light blue, dark blue,
and purple pentagrams mark the quasi-eigenmodes shown in (c)-(h). (c)-(h) The dynamic
evolutions of the π edge states and trivial extended states corresponding to cases marked by
pentagrams with different colors in (a) and (b).
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further increases crossing 3, another bulk mode also gradually turns into the π mode, while the
former π mode remains. Thus, there are two π modes in the range of 3< c30/c10 < 4 [see the
zoom-in figure in right panel of Fig. 2(b) and the field distributions are shown in Figs. 2(f) and
(g) with c30/c10= 3.5]. Similar to the original π mode, the new π mode mainly locates on the
edge of the lattice and periodically oscillates with the same period as the Floquet modulation.
The field distribution of the new π mode penetrates more into the bulk than the original one,
which is caused by the stronger long-range couplings. As we continue to increase the long-range
coupling to exceed c30/c10= 4, all π modes vanish and only bulk states are left [see Fig. 2(h) with
c30/c10= 4.5].

2.3. Floquet replica band analysis

To understand the emergence and elimination of π modes by long-range coupling, we adopt the
extended Hilbert space R⊗P, which is a direct product of the usual Hilbert space R and the space
P of z-periodic functions spanned by ei(nωz), where the index n defines a subspace called Floquet
replica (see Supplement 1) [8,9]. The underlying physics becomes much clearer by analyzing the
replica bands. Figure 3 shows the calculated replica bands for different c30/c10 with ω/4c10 = 1.5
under PBCs. The zoom-in band structures around ε =ω/2 are also shown in the insets.

Fig. 3. (d) The momentum space quasienergy band structures of the five chosen frequency
replicas with c30/c10= 0, 1, 2.5, 3, 3.5, and 5. The inserts show the enlarged band of replica
coupling between n= 0 and 1, where the band touching and trivial (T)/nontrivial (N) π gaps
are marked.

https://doi.org/10.6084/m9.figshare.21511953
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For c30/c10= 0 as the traditional case, each replica is decoupled from others with a trivial
(T) gap. However, when long-range coupling is introduced, the bandwidth of each replica
expands [as have been shown in Fig. 1(f)], and the gap just closes due to the band touching of
the expanded replicas at k= 0 with c30/c10= 1 [see enlarged picture in Fig. 3(b)]. With further
increasing c30/c10, the coupling between replicas opens this gap again, as shown in Fig. 3(c) with
c30/c10= 2.5. This gap closing-reopening process switches the π gap from trivial to nontrivial
(N) and implies the emergence of π modes for a finite lattice. Intriguingly, further increasing
c30/c10 would enable another band touching at k=±π [c30/c10= 3, see Fig. 3(d) and the enlarged
picture] and switch another π gap from trivial to nontrivial [c30/c10= 3.5, see Fig. 3(e) and the
enlarged picture]. Thus, more π modes can be expected. However, when c30/c10 > 4, more
Floquet replicas are involved and the π gaps become trivial [Fig. 3(f) with c30/c10= 5], thus all π
modes are eliminated. The replica analysis clearly demonstrates the underlying physics of the
emergence and elimination of π modes by long-range coupling shown in Fig. 2.

2.4. Topological invariant and phase diagram

We further verify our findings through the calculation of the topological invariant. For the 1D
Floquet SSH model with long-range coupling, the chiral symmetry preserves and a Z-valued
invariant Gπ characterizing the topological feature of quasienergy gap at ε=π can be defined [30].
The invariant Gπ is generated from the periodized evolution operator V(z, k), which is defined as:

V(z, k) ≡ U(z, k)eiHeff (k)z, (6)

where U(z,k) is the evolution operator and Heff(k) is the z-averaged Hamiltonian. Gπ characterize
the winding number of Vπ+ around the origin in the k-space [8,9,30]:

Gπ = deg(V+π ) =
i

2π

∫ π

−π
tr[(V+π )

−1
∂kV+π ]dk, (7)

where Vπ+ is the diagonal element of V(z, k) at half period:

V(
P
2

, k) = ⎛⎜⎝
V+π 0

0 V−
π

⎞⎟⎠ . (8)

Here, the calculated Gπ with varying c30/c10 and ω/4c10 are shown in Fig. 4 (upper panel). It
is observed that both the driven frequency and long-range coupling can modulate the Floquet
topological phases (FTP) of the lattice. Region I (white region) represents trivial phase (Gπ = 0)
without the πmode, while nontrivial π gap opens and πmodes emerge in regions II (Gπ = 1, blue
region) and III (Gπ = 2, red region). The boundaries between different topological phases are
indicated by green lines. The FTPs with the presence of the long-range coupling are much richer
compared with the traditional case (highlighted by the orange line). Notably, the long-range
coupling can induce new FTP with Gπ greater than one (III, red region), which has no counterpart
in the traditional Floquet lattice with only NN coupling. Specifically, for ω/4c10 = 1.5 as the
case shown in Figs. 2 and 3, the dependence of Gπ on long-range coupling strength c30/c10 is
shown in Fig. 4 (bottom panel). For c30/c10 = 0, Gπ = 0 indicates a trivial case. When increasing
c30/c10 crossing 1, Gπ sharply changes to 1, indicating nontrivial FTP and the emergence of
topological π mode. When c30/c10 further increases within the range of 3< c30/c10 < 4, the
topological invariant Gπ increases to 2 that implies more π modes according to the bulk-edge
correspondence. Many more replicas are involved for c30/c10 > 4 and the π gap becomes trivial
and Gπ decreases to zero. The calculated Gπ fully confirms our replica analysis in Fig. 3 and is
consistent with the number of topological π modes shown in Fig. 2(b). Moreover, it is found that
FTP with Gπ>2 can also be realized with nonzero c32(z), which promises the emergence of more
π modes (see Supplement 1).

https://doi.org/10.6084/m9.figshare.21511953


Research Article Vol. 30, No. 25 / 5 Dec 2022 / Optics Express 44989

Fig. 4. Topological invariant Gπ and Floquet topological phase diagram as functions of
driven frequency ω/4c10 and long-range coupling c30/c10. Green lines indicate the boundary
of different topological phases. The long-range coupling leads to richer FTP compared to
traditional case with only NN coupling (represented by the orange line). The red dotted
arrow indicates the trajectory of topological phase transition of increasing c30 shown in
Figs. 2 and 3, corresponding to bottom panel that depicts the Gπ with fixed ω/4c10= 1.5.

3. Conclusion

In conclusion, we have demonstrated the Floquet engineering with long-range coupling in 1D
periodically driven optical lattice. The long-range coupling can open nontrivial π gaps and create
unprecedented nontrivial FTP, which indicates new topological π modes. We verify our finding
by the analysis of Floquet replica bands, and further calculation of topological invariant is fully
consistent with this analysis. The possibility of accessing Floquet topological modes in the
higher-frequency regime would inspire applications with nonadiabatic process and small lattice
size. Our work demonstrates that long-range couplings could enrich the topological phases of
Floquet systems, offering new opportunities for manipulating nontrivial photonic states with
unique topological robustness. The periodically driven models with long-range coupling can be
realized with the ladder arrangement of bending waveguide lattice based on femtosecond laser
direct-writing technique [4,6,25]. Beyond this, it is possible to investigate more complex Floquet
topological phases induced by the interplay of non-Hermiticity and long-range hopping if gain
and loss are considered [9,11,24]. It has been revealed that the non-Hermitian gain and loss
can modulate the quasienergy spectrum, thus induce topological phase transition and engineer
Floquet π mode [9]. Complex topological phases may be discovered in the non-Hermitian
Floquet waveguide lattice with long-range coupling due to rich band modulation mechanism.
Besides, the topological feature of the Floquet lattice in the low-frequency regime with long-range
coupling is also worth exploring, since there is more complex Floquet replica band interaction in
the low-frequency regime that indicates richer topological phases [31].
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