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Bound states in the continuum (BICs), which are localized waves within a continuous spectrum of radi-
ating waves, have garnered considerable attention due to their counterintuitive physical properties. However,
selectively exciting these bound states from the continuum remains challenging because of their degenerate
eigenenergy. In this work, we propose a method to accurately excite high-order topological BICs (TBICs)
using supersymmetric (SUSY) structures. By adiabatically transforming the SUSY partner to the original lattice,
TBICs can be perfectly excited with simple single-site excitation. We experimentally verify our strategy in
photonic waveguides at telecommunication wavelengths, demonstrating efficient excitation and the existence
of TBICs across a broadband. Our work highlights the superior capability of SUSY in regulating optical BIC
modes, suggesting possibilities for exploring BICs in higher-dimensional lattices.

DOLI: 10.1103/PhysRevB.111.075427

I. INTRODUCTION

Bound states in the continuum (BICs), which are localized
states that have eigenenergy (i.e., eigenfrequency) in the con-
tinuum of extended states, have been extensively studied in
various systems [1—14]. Due to their counterintuitive physical
properties, BICs have garnered widespread interest, leading
to explorations of their generation mechanisms [8,15-19]
and possible applications [8,15,20]. However, these studies
require high-quality bound modes, yet research on the pre-
cise excitation of BICs remains lacking. Take the topological
bound states in the continuum (TBICs) in higher-dimensional
topological insulators (HOTIs) as an example (the mechanism
of separable BICs [21-23] causes the energy levels of local-
ized higher-dimensional topological states to merge into the
bulk band); although the TBICs enrich the conventional the-
ory of topological states and provide topological protection to
BICs, they encounter significant excitation challenges due to
their degeneracy with bulk states. To better demonstrate their
properties, the perfect excitation of TBICs becomes especially
important, which facilitates the observation of BIC-related
topological effects and enhances the efficiency of associ-
ated applications, such as high-quality BIC laser emission
[24-26], high-efficiency low-loss waveguiding [27,28], and
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so on. Previous approaches include adding non-Hermitian
losses to the bulk [29], directly utilizing zero-mode sources
to observe BICs [30] and breaking the symmetry protection
using nonlinear control [31-33]. These methods either sub-
stantially disrupt BICs or have difficulties in avoiding the
excitation of extended states, leading to inefficiency. It is of
significant importance to find a general method to fully and
exclusively excite the TBIC without strongly disturbing its
eigenproperties.

Supersymmetry is a mathematic transformation originally
developed in quantum field theory [34-38]; it was also ap-
plied to optics [39,40], which enables flexible designs on the
optical potential while generally preserving the eigenenergy
spectrum. The supersymmetric (SUSY) method has already
been applied in optical devices, such as in single-mode laser
arrays [41-43], mode conversion [40,44], and light routing
[45,46]. It is noteworthy that SUSY transformations have been
applied to transport photonic modes in structures that have
continuous refractive index distribution [45,46], but research
on applying SUSY to control modes in higher-dimensional
topological lattices remains lacking. Due to its precise mode
manipulation capabilities, the SUSY principle would provide
a feasible route to accurately select TBICs modes in the con-
tinuum, thereby achieving perfect mode excitation.

In this paper, we theoretically propose and experimentally
demonstrate a supersymmetric (SUSY) route for TBIC ex-
citation in photonic waveguides. Specifically, we design a
SUSY partner based on the original high-order topological
lattice that supports nontrivial corner-bound states. It is found
that through an appropriate adiabatic connection of topo-
logical structure and its SUSY partner, the single-site input
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waveguide mode in the SUSY partner can evolve robustly into
the corner-bound states of interest, which are further verified
by experiments in waveguide arrays inscribed in glass samples
using direct femtosecond laser writing technology [47-51].
Interestingly, this SUSY approach enables an efficiently se-
lective excitation of TBIC across a broadband, thereby greatly
advancing the exploration of the physical mechanisms and
application potentials of BICs. It is noteworthy that com-
pared to previous SUSY-based photonic devices, this work
achieved broadband selective excitation of high-dimensional
BIC modes.

II. BOUND STATES IN THE CONTINUUM
IN TWO-DIMENSIONAL SSH LATTICE

We demonstrate our design principle based on the topolog-
ical corner-bound states in the two-dimensional Su-Schrieffer-
Heeger (2D SSH) model [52-54] (see Fig. 1), which can
be implemented in the photonic waveguides [55]. In the
one-dimensional SSH model, topological properties are com-
monly characterized by the Zak phase [56]. In the 2D SSH
model, the 2D Zak phase can be defined, which undergoes
a shift from (0, 0) to (7w, ) when transitioning from a
topologically trivial phase to a nontrivial one. The transition
of the 2D Zak phase characterizes the high-order topologi-
cal phase, which is protected by Cy, group symmetry [52].
The Hamiltonian for the tight-binding 2D SSH model can
be represented as the Kronecker sum of the Hamiltonians
of two one-dimensional (1D) SSH models [57,58]. The SSH
model is characterized by two sublattices with staggered weak
(strong) couplings k; (k2), and can host zero-energy edge-
bound states if the outermost coupling is weak. The edge
states have nonzero projections in one of the sublattices due
to chiral symmetry, and their amplitudes decay according to
a common ratio of ¢ = —«/k; in an interval sublattice. The
corner-bound states in the 2D SSH model are correspondingly
localized at the corner with weak couplings on both sides
[30,31,53] [see Fig. 1(b)]. In Fig. 1(c), we calculated the
eigenvalues of the 2D SSH model as a function of «/k;. It
is evident that there are several degenerate modes persistently
present at the zero-energy level. When k; > k», the system
resides in a topologically trivial phase where there are no
localized corner states. In contrast, when «; < k», the cor-
ner states enter the band, thereby indicating the presence of
TBICs. For simplicity, we selected a 5 x 5-site system at the
corner to perform the SUSY operation, which is adequate for
efficiently exciting the TBICs because the energy distribution
of the corner states has already decayed to a negligible level
outside of this subsystem (see Supplemental Material [59];
also see [30,51,53,60-62]). The energy spectrum of the 2D
SSH lattice is shown in Fig. 1(a). Due to chiral symmetry
and lattice symmetry, five degenerate zero modes form a
continuum, within which the topological corner state resides.
Considering the symmetry along the x and y directions, there
are three distinct zero modes in the system, with only one
being a BIC [30,31,53] [see Fig. 1(d)]. Note that due to the
joint protection of chiral symmetry and Cy, symmetry, this
TBIC mode does not interfere with the other two modes in the
continuum [29,30,52].
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FIG. 1. (a) Calculated eigenvalues of the tight-binding 2D SSH
lattice. A TBIC (blue pentagram) emerges within the bulk bands. (b)
Schematics of the topological nontrivial 2D SSH lattice with weak
couplings «k; and strong couplings «,. A 5 x 5-site system at the
corner is selected to perform the SUSY operation. (c) Calculated
eigenvalues of the 10 x 10-site 2D SSH lattice as a function of
K1/ka,where k| + k, = 2. The regions of corner TBICs and degener-
ate trivial modes are highlighted with yellow and red regions on the
zero-mode bands. (d) The eigenmode profiles of three different types
of zero-energy modes (Yecomers ¥a, ¥p) of which only one is corner

bound. The total site number N> =25.x; = 1lecm™, k, =2 cm™'.
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III. EXCITATION OF CORNER-BOUND STATES BY SUSY

One-dimensional discrete supersymmetry (1D DSUSY)
transformations [40,44,60,63,64] can generate two supersym-
metric partner Hamiltonians H" and H® with different but
isospectral 1D structures. If supersymmetry is unbroken, H®
will display an isolated site whose eigenvalue of the supported
mode exactly corresponds to the one that desired to be excited
[59]. Due to the presence of energy level degeneracy in 2D
lattices, a direct application of the 1D DSUSY transforma-
tion to the 2D Hamiltonian is usually unfeasible. Fortunately,
Qiao et al., in their study of single-mode laser arrays us-
ing the DSUSY method, innovatively extended the DSUSY
transformation to a higher-dimensional lattice [43]. This work
demonstrates that because of the separability of the 2D SSH
model, it is possible to perform 1D DSUSY transformations
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FIG. 2. (a) Left panel: Schematics of the designed waveguide
lattice that is adiabatically varying from SUSY (z = 0) to the 2D
SSH (z = L) lattices. L is the length of the waveguides. Calculated
eigenvalues of the SUSY lattice, where the TBIC /¢omer is isolated.
Right panel: Normalized intensity profiles of the corner zero-energy
states in the SUSY lattice (z = 0) and 2D SSH (z = L) lattices. (b)
Adiabatic parameter c as a function of propagation length z/L. L =
4 cm. (c) Fidelity of the zero modes as a function of waveguide length

Lixi=1lcm™ ko =2cm™ L.

separately on its 1D sublattices in two directions x and y
[Fig. 2(a)], thereby achieving the 2D DSUSY transformation
[43],

Hy" =H™M @I, + I, @ H",
stlgji;(l — HSUSY ®Iy +Ix ® anUSY’

x,m
HXSSH - )‘x,ml = QXRX’ HXS,ijlSY = RXQx + Ax’ml’
H;}SH — Ayl = O\R,, H}‘S,LJSY =ROy + Ayl (1)

where [ is the identity matrix, Q is an orthogonal matrix, and R
is an upper triangular matrix. H35%, H3% and HSLSY, HySY
denote the Hamiltonians of the 1D SSH model and its SUSY
partner, where x and y denote the two 1D sublattices derived
by the direct sum decomposition; m and n (m, n = =2, —1,
0, 1, 2) represent the mode numbers of the selected eigen-
modes in the two directions. A, (y) () 18 the mth (nth) mode’s
eigenvalue in the 1D SSH Hamiltonian Hy . H>5" and HyySY
refer to the Hamiltonians of the 2D SSH model and its
SUSY partner. The QR factorization can be achieved using the
Givens rotation method [60,65], which is one feasible method
to achieve the SUSY transformation. The eigenvalues of the
SUSY partner Hamiltonian obtained through this transforma-

tion remain invariant. However, the matrix representation and
the distribution of eigenstates undergo changes. The selected
mode [, , > is isolated in a single site, while the distribution
of other modes experiences relatively minimal alterations.
Through the aforementioned transformation, one can obtain
the SUSY partner Hamiltonian corresponding to the 2D SSH
model. The physical system (photonic waveguides in this
work) corresponding to this Hamiltonian is referred to as the
SUSY lattice. Note that there are multiple possible SUSY
lattices, among which we choose the one whose Hamiltonian
closely matches the original 2D SSH Hamiltonian [59].

Our model is implemented in the 2D photonic waveguide
lattices, as seen in the schematics shown in the left panel of
Fig. 2(a). The input end of the waveguide array is a SUSY
lattice of which the eigenvalues are identical to the original 2D
SSH lattice [Fig. 1(a)] except for the corner state. An isolated
waveguide serves as the input port and the output end is the
2D SSH lattice. A slowly varying waveguide array connects
the two ends, ensuring adiabatic evolution of the single-site-
input optical field in the waveguide. At the input end (i.e.,
SUSY lattice), the original TBIC (m, n = 0) with complicated
mode distribution is projected into a single waveguide mode
[bottom in right panel in Fig. 2(a)]. While the excitation of
the transformed TBIC is straightforward, evolving this single-
site state into the TBIC of interest requires the input SUSY
lattice to adiabatically transform into the 2D SSH lattice at
the output end. Therefore, the waveguide array should vary
slowly to ensure that the input photonic state remains on the
TBIC band throughout its evolution, with minimal crosstalk
with other modes in the continuum. Consequently, the target
TBIC is faithfully reconstructed at the output end [upper
right panel in Fig. 2(a)], completing the selective excitation
process.

Here we assume the following modulation on the waveg-
uide lattice: Haop(z) = g(z)H5S! + [1—g(2)]HSYSY, where the
modulation function g(z) should satisfy the condition g(z)E[0
[11,] and g(0) = 0, g(L) = 1. Through this layout, we connect
the SUSY structure with the original structure, enabling a
smooth transition between the two lattices Hop(0) = HsySY
and Hop(L) = H33H. For simplicity, we choose a linear mod-
ulation g(z) = z/L, with unchanged ¢'(z) to make sure the
SUSY array undergoes uniform variations at a steady rate.
To ensure the input zero mode evolves along the BIC energy
level, the structure parameters should be slowly varied. Here,
we define an adiabatic parameter c to measure the adiabaticity
(661,

c(z) = /ex(2)ey(2),

(2) = <¢x,m(z)|%|¢x,n(z)>
= kx,m - )‘x,n '
| @Izl @)
&) = ' o @)

where the subscripts x and y are used to differentiate the
eigenvalues and eigenvectors belonging to a specific 1D
SSH Hamiltonian, while the subscripts m and n distinguish
different eigenvalues and eigenstates within that Hamiltonian.
Therefore, the numerator and denominator of ¢, and ¢,
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represent the strength of the Berry connection and the
energy gap between bands of the 1D SSH model m and n,
respectively. From the results of the 1D adiabatic parameters,
we can get the trend of crosstalk between the two 2D modes
[Vim) = |¢r,i) ® |¢y,m> and |l//j,n) = |¢x,j) ® |¢y,n>’ where
the numerator and denominator of ¢, and c, represent the
strength of the Berry connection and the energy gap between
bands of the 1D SSH model m and n, respectively. A small
value of an adiabatic parameter (¢ < 1) indicates the adiabatic
condition can be satisfied. Figure 2(b) shows the adiabatic
parameter between the corner-bound mode band Ycomer =
[%0,0) = |#x0) ® |¢y0) and other two types of zero-mode
bands in the continuum Yo = [V41 1) = [@x,+1) ® |@y 1),
Vg = [Yi252) = |@r1+2) ® [Py +2) of the SUSY array. It is
found that within SUSY structures, corner-bound states are
remarkably difficult to crosstalk with other zero modes in
the continuum, showcasing excellent satisfaction of adiabatic
conditions. To characterize the quality of the output BICs
(i.e., the efficiency of topological state pumps), we define the
fidelity F = |(®g|¢p(L))|*, where ® is the exact eigenmode
of the 2D SSH corner-bound states we aim to produce and
®(L) is the actual output state. As shown in Fig. 2(c), the
calculated fidelity is larger than 99% for L > 4 cm, where
the adiabaticity can be well preserved. In contrast, the fidelity
without the SUSY structure (i.e., with direct single-site input
to the SSH array) is only 58% under the same conditions
[59]. Additionally, the fidelity of other zero modes in the
continuum is effectively suppressed throughout the entire
evolution process (<0.01), demonstrating the ability of
SUSY to selectively excite BICs.

IV. EXPERIMENTAL RESULTS

We experimentally verify the TBIC excitation in a 2D
evanescently coupled waveguide array. The single-mode-
cutoff condition for single-mode guidance in circular waveg-
uides (fibers) is given by

V =27 NA ~ 21 nv2An <2405, (3)
Ao Ao
where r is the waveguide radius, Ao is the wavelength of
input light, NA is the numerical aperture of the waveguide,
n is the refractive index, and An is the refractive index con-
trast. These parameters have been provided in Fig. 3. Under
these structural parameters, as illustrated in Fig. 3(a), it is
evident that the single-mode condition is satisfied for the
wavelength range under investigation. Figure 3(b) shows the
coupling coefficient as the function of gap distance, from
which the exponential correspondence between the coupling
coefficient and the gap distance «(d) = ko exp(-yd) can be
fitted (ko = 100 cm™!, y = 0.2 um™"). Two gap distances for
our SSH waveguide array can be selected, i.e., d; = 23.03 um
for k; =1 cm™! and d, = 19.54 um for «, = 2 cm~!. Note
that as the wavelength increases, the V parameter decreases,
which is equivalent to reducing the effective numerical aper-
ture while keeping the wavelength constant. This signifies a
weaker confinement capability of the waveguides, resulting
in smaller values for the fitting parameters «o and y. With
the designed structural parameters, the complete view of the
glass sample with the laser-written waveguide array is shown
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FIG. 3. (a) The V parameter of circular waveguide (fiber) as a
function of wavelength for the step index waveguide with radius
r ~ 3.2 wm, refractive index n ~ 1.5, refractive index contrast An ~
1073, Each single-mode waveguide supports only one fundamental
LP11 mode at A = 1550 nm. The waveguides are fabricated in
glass (Corning Eagle XG) using femtosecond-laser (1030 nm) writ-
ing. (b) Coupling coefficient as a function of gap distance with the
wavelength & = 1550 nm. (c) Glass sample with femtosecond-laser-
written waveguide arrays.

in Fig. 3(c). The colored stripes indicate positions. Each
transparent stripe in the sample represents a waveguide array
(single-input SSH array or SUSY-input array). The scale of
each array is ~100 um, with the waveguides extending over a
total length of 5 cm.

In the experiment, a femtosecond laser was focused into the
glass to fabricate the sample, which was moved controllably
to write the waveguide structures, with the input end face
shown in Fig. 4(a). In the left panel, the waveguide array
begins with a SUSY lattice at the input end, which undergoes
adiabatic evolution to transform into the SSH lattice at the
output end. In contrast, the right panel consistently maintains
the SSH lattice in a straight waveguide array. The light was
input into the waveguides by focusing the laser (A = 1550
nm) through a fiber. The output of the waveguides was col-
lected by a microscope objective and subsequently measured
by a near-infrared beam profiler (see Methods for details of
measurement). The extracted output intensity of the 2D SSH
lattice with SUSY design is displayed in Fig. 4(b), which
agrees well with the theoretical values [Fig. 4(d)], confirming
that the adiabatically varying SUSY array can almost realize
the exact eigenmode of corner-bound states. As a comparison,
the normalized output intensity of the single waveguide input
case shows relatively poor locality and indicates more devi-
ations from the BICs to the degenerate zero modes and bulk
modes[(Figs. 4(c) and 4(e)].

Moreover, it is expected that the SUSY design can work in
a broadband manner, similar to the broadband results demon-
strated by Yim et al. in continuous SUSY structures [46]. As
the wavelength changes, the coupling coefficients of Hsysy
and Hssy undergo varying degrees of alteration, leading to a
situation where the SUSY conditions are no longer strictly
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FIG. 4. (a) The waveguide cross sections of the SUSY input
and single-site input 2D SSH lattice at the input end. The gaps
diy = 23.03(19.54) um correspond to coupling coefficients k) =
1 (2) cm™!. (b—e) Experimentally recorded output intensity profiles
() with (b) SUSY-input and (c) single-site input structure, and
deviations from the exact zero modes (A, bottom panels) with
(d) SUSY-input and (e) single-site input structure.

satisfied. However, the SUSY structure can still preserve
mode correspondence, effectively preventing crosstalk dur-
ing light transmission. Here, we provide the experimentally
measured output intensities of different wavelengths (1500—
1600 nm). As shown in Fig. 5, the output modes with SUSY
design exhibit similar intensity distributions across a wide
wavelength range. In contrast, the output intensities with
single-site input all deviate from the BIC distributions. This
is because for SUSY waveguides, changes in wavelength only
alter the coupling coefficients of the output 2D SSH lattice
and introduce a perturbation to the modulation function g(z).
Both of these changes do not break the adiabatic conditions
of the SUSY structures and the topological properties of the
topological 2D SSH lattice, hence exerting minimal impact on
the output distribution [59]. We anticipate that these excellent
results of the SUSY arrays are also robust against structural
perturbations. In fact, due to the fulfillment of the adiabatic
condition, our SUSY design still performs well even under a
higher disorder strength [59].

In practical systems, the next-nearest-neighbor (NNN)
coupling in the 2D SSH model is usually inevitable, so we
further considered the effects of the NNN couplings and
demonstrated its influence on the SUSY transformation and
the BIC excitations [59].

1510 nm 1520 nm 1530 nm 1540 nm
1560 nm 1570 nm 1580 nm 1590 nm 1600 nm
. - I
~
=4
1510 nm 1520 nm 1530 nm =3
(®) I <
2.
°Z

1560 nm

1570 nm 1580 nm 1590 nm

FIG. 5. Wavelength-dependent behavior of the output of 2D
SSH array with (a) SUSY-input and (b) single-site input for 1500—
1600 nm.

1600 nm

V. ACCELERATING THE EVOLUTION OF TBICs
BY INVERSE DESIGN

In the previous text, we employed a linear coupling
function g(z) to ensure that the system satisfies adiabatic con-
ditions when L is sufficiently large, which inevitably leads to
a large device footprint (e.g., 4 cm in Fig. 4). Indeed, there can
be more choices for g(z) that significantly reduce the required
L for perfect excitation of BICs. Inspired by the shortcut to the
adiabaticity (STA) technique proposed in quantum physics to
speed up the quantum state transfer [67—70], here we employ
a similar accelerating process by inverse-design approaches
[71,72] that can produce the same final state in a shorter
length. Specifically, if the input and output of the waveguides
are fixed and the length L is determined, the fidelity would be
solely determined by a generalized modulation function g(z),

N
z - . (2nmz
80 = gin + 87 = 7 + Y a(wsin ( 7 ) )

n=1

where gr is a half-range Fourier series and N, is a cutoff
number. Note here g(z) should be centrally symmetric about
the point (L/2, 1/2) as required by the symmetry of the excita-
tion process. Using computational inverse-design approaches
[64,71,72], we achieve the optimal fidelity F,x for different
lengths under the constraint of g(z) € [0 [1],], as shown in
Fig. 6(a). It is evident that the optimized SUSY arrays can
significantly reduce the required length for the same fidelity
(e.g., from 4 to 2.2 cm for F ~ 0.99). In this situation, the
adiabaticity is destroyed and the zero modes are allowed to
couple to other bulk modes. However, they eventually return
to the zero-energy band and reproduce the desired topological
zero modes [Fig. 6(b)]. Figure 6(c) shows more results about
the proportion of zero modes py. It can be observed that as the
waveguide array length L increases, the light field propaga-
tion in the inverse-design structures increasingly approaches
adiabatic evolution. Figure 6(d) illustrates that as L increases,
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FIG. 6. (a) Fidelity of the zero modes for increasing device
length. (b) Proportion of the zero mode (py) as a function of propa-
gation length z/L [L = 2.2 cm for optimized g(z) and 4 cm for linear
8(2)]. (c) The profiles of py(z/L) for different waveguide lengths L.
(d) The profiles of gy (z/L) for different waveguide lengths L.

the shape of g(z) tends toward linearity, indicating improved
satisfaction of adiabatic conditions.

VI. DISCUSSION

It is noteworthy that the SUSY principle has been em-
ployed for the excitation of celebrated topological edge states,
exhibiting excellent broadband performance and robustness
[64]. However, compared to conventional topological states,
the TBICs in higher-order topological insulators feature level
degeneracy and complex mode distributions, rendering them
more challenging to accurately excite and utilize. Here, we
extend the SUSY principle to higher dimensions and suc-
cessfully excite the accurate TBICs of interest. Notably, the

topological phase of the 2D SSH model remains unchanged
with variations in wavelength, ensuring the existence of TBIC
in a broadband manner [59,73]. Our SUSY design enables
efficient excitation of such broadband TBIC modes. Ad-
ditionally, the SUSY approaches also show flexibilities in
selectively exciting all preferred eigenmodes, including the
degenerate bulk zero modes [59].

In conclusion, we have exploited the topological zero-
mode evolution in adiabatic SUSY structure to perfectly
excite the eigenmode of a corner-bound state. We apply SUSY
transformations to the 2D SSH lattices hosting topological
BICs. Adiabatically connecting the topological array and its
SUSY partner enables the single-site zero mode to evolve ro-
bustly into the BICs of interest in broadband. The experimen-
tal results in femtosecond-laser-writing waveguide arrays are
fully consistent with our expectations. The selective excitation
of TBICs implies unique possibilities in practical applications.
For example, the excited TBICs exhibit a light-guiding mech-
anism distinct from refractive index guidance, which can be
utilized for topological light transport in low-index materials
[30]. TBICs in 2D SSH lattices do not require band-gap pro-
tection, but instead are topologically and symmetry protected,
thereby demonstrating excellent broadband performance. Our
SUSY principle avoids the unwanted modes in the continuum,
thereby enhancing the quality of light, which is crucial for
possible high-precision optical quantum state manipulation
[74] and large-scale photonic integrations [73,75].
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